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Abstract. We present an analysis for weighted treaps in link-cut trees (LCT) with amortized loga-
rithmic time bounds and conduct an empirical study that investigates the discrepancies between
different underlying data structures in LCT. We implemented three variants of LCT with biased
search trees, self-adjusting search trees and weighted treaps and ran several experiments on them.
Splay trees are the most efficient in LCT with amortized time bounds in our experiments while

there is a 1.2 to 2 times slowdown in treaps and biased trees.
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1 Introduction

Dynamic tree problem focuses on the maintenance of a collection of trees under several operations, including
adding an edge, removing an existing edge, designating tree roots (for rooted forest) and querying on the
unique path between two nodes. Data can be stored on either nodes or edges. For simplicity, a new node can
represent an edge in the original trees in order to put all data only on nodes. Dynamic trees have numerous

applications especially in graph theory, such as network flows!3I2H23] and dynamic graphs!8I101(11]
(14][18] [25]

Dynamic tree problem has been well studied in literature, and there are many data structures that solve this
problem, such as link-cut trees (LCT)!?122] topology trees!!0I11I12] EByler-tour trees (ETT)[14123] and top
trees!2IB31126] They all use search trees as underlying data structures but with different techniques: LCT uses
path decomposition; ETT uses linearization; both topology trees and top trees use tree contraction.?5! LCT
seems to be the first complete solution to the original dynamic tree problem and has been applied to many
combinatorial algorithms. Although all the data structures guarantee logarithmic time bounds for most dy-
namic tree operations, their efficiency differs in many aspects, due to the overheads of non-sequential ac-
cesses, heavy memory allocations and huge constant factors hidden in the asymptotic complexities. Mean-
while, the choice of underlying data structures may have significant impacts on the performance of dynamic
trees due to different methods of implementations. There have been some reports on the performance issues
between various dynamic trees!?], but there seem to be few investigations in underlying data structures. In
our research, we attempted to conduct empirical studies on the discrepancies of underlying search trees in

LCT. The reason for our choice of LCT is that LCT is one of the lightest data structures among all variants of



dynamic trees, since the overheads are primarily from the JOIN and SPLIT of search trees rather than LCT it-
self. In previous studies, researchers usually use biased search trees!?!] and splay trees!??] to maintain solid
paths. The maintenance of solid paths relies heavily on biased searches, which implies alternatives such as
weighted treaps!20!l7]_ In this paper, we provide an analysis for weighted treaps as implementation of underly-

ing search trees in LCT, which should have amortized logarithmic time bounds.

The remainder of this paper is organized as follows. Section 2 introduces dynamic tree problem and outlines
the technique of path decomposition and LCT. Section 3 reviews biased search trees, splay trees and random-
ized search trees, i.e. treaps, in the setting of dynamic trees and we will sketch the proof for treaps in this sec-
tion. Section 4 describes the platform setup used for comparisons and presents the experiments with discus-
sions of results. The last section contains the overall conclusions and implications for further researches. Ap-

pendix A contains graph terminologies used in this paper.

2 Dynamic Trees
2.1 Dynamic Tree Problem. The original dynamic tree problem!2! is aimed to maintain the structures of a col-
lection of vertex-disjoint rooted trees under three kinds of operations: LINK, CUT and EVERT. Initially there

are n single-vertex trees and no edge in the forest.

e LINK(z, y): Put a new edge (z, y) and thus combine two trees into one. For rooted forest, we des-
ignate the root of the original tree that contains node z as the root of the new tree.

e CuT(z): Assuming that node x is not the tree root, remove the edge (z, p(z)), and thus divide the
tree into two parts. One part contains p(z) and the other part contains x and z is the tree root.

e EVERT(z): Let node z be the new tree root. If z is already the tree root, it will be ignored. This
operation actually does not alter the structure of the tree but changes the ancestor-descendant rela-

tions, making all other nodes the descendants of x.

In addition to operations that may alter tree structures, data can be associated with both nodes and edges,
which enables queries on the chain between any two nodes. For simplicity, we can create new nodes to super-
sede the edges in original trees. Therefore, we can stored the data associated with edges on the corresponding
nodes. Such simplification only leads to at most n new nodes, which has no effect on the asymptotic com-

plexities. Thereby we assume only nodes may contain additional data.

2.2 Path Decomposition. In this paper, we focus on link-cut trees, or LCT as the abbreviation, which was in-
troduced by Sleator and Tarjan/?!! and uses a technique called path decomposition. In path decomposition,
each edge is marked as either solid or dashed and we guarantee that no more than one solid edge entering any
node (solid edge invariant). Consecutive solid edges form a solid path. It is trivial to see that any solid path is
within an access path. Intuitively, solid paths do not bend in the tree that the depths of nodes along the path
are monotone. In this way, a tree is decomposed into a set of solid paths connected by dashed edges. In the re-

mainder of this paper, we use the notion ¢(x) to represent the chain containing .
In order to implement basic dynamic tree operations, we need two fundamental operations:

e SPLICE(z): Provided that z is the topmost node of ¢(x) and not the tree root, if there is a solid
edge from p(z), we make this edge dashed. Thereby we are able to mark edge (z, p(x)) as solid to
connect c(x) and c(p(z)) without violating the solid edge invariant.
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Fig.1. (a) An example of LCT. (b) LCT after EXPOSE(z).
e EXPOSE(z): Make the access path of x a solid path and all edges incident to this path dashed.

This operation typically utilizes SPLICE.

With SPLICE and EXPOSE, other dynamic tree operations can be viewed as combinations of two opera-

tions.[21]

Since the depth of node in a solid path ascends from top to bottom, nodes can be kept in search trees such as
biased search trees!?!) and self-adjusting search trees!??]. For EVERT, a reversal bit is supposed to be attached
to each internal node in search trees. Because SPLICE requires splitting and concatenating of search trees, we

describe SPLIT and JOIN formally as follows:

e SPLIT(r, x): r is a search tree and « is the target node to be divided. We divide the tree into 1) at
most three parts (L, I, R) where L denotes all nodes prior to  and R denotes all nodes after =
and I = {z} if x exists in the search tree and otherwise I = & (3-way SPLIT); 2) two parts
(L, R) where L denotes all nodes prior to  and z itself if existed and R denotes all nodes after =
(2-way SPLIT). In both cases, L and R are still search trees.

e JOIN: Given two search trees = and y where all elements in x precede those in y (2-way JOIN
(z, y)), or two search trees x and y along with a new node k placed between the last node of
and the first node of y (3-way JOIN(z, y, k)), they are merged into one search tree with correct

connections. A 3-way join is usually interpreted into two 2-way joins.

Remark. Biased trees only support 2-way splits and 2-way joins while self-adjusting trees allow both variants

of splits and joins.
One of the most prominent properties of LCT is illustrated by the following theorem.

Theorem 1. If the overall number of LINK, CUT and EXPOSE is m, then there are at most m(3|logn| + 1)

Spricg.[2l

Corollary 1. If the time complexity of SPLICE is O(f(n)), then LiNK, CuT, EVERT and EXPOSE take



O(f(n)logn) amortized time. Particularly, LCT has O(log® n) amortized time bounds with arbitrary accept-

able search trees with logarithmic time bounds.

Proof. Directly derived from Theorem 1. ]

3 Reviews and Analyses

Among three schemes of LCT, the concept of ranks is used in analyses. The rank of z, or 7(z), usually equals
to O(log s(x)). In amortized analysis, ranks can be viewed as credits assigned to nodes and therefore ranks
are supposed to be non-negative values. One credit can be used to perform a ©(1) procedure so that the over-
all running time is measured by the number of credits allocated in the algorithm. In order to evaluate ranks,

we shall associate each node with a weight w(z) explicitly or implicitly, where

w(z) = {s(w) — s(u) (if solid edge from x enters )

s(x) (otherwise)

and then s(z) can be calculated by aggregating over the subtree x in search tree. We may update weights in
SPLICE and other operations that may alter the tree structure. LCT keeps the invariant that total weight of an

underlying search tree equals to the size of corresponding subtree.

3.1 Biased Search Trees. Bent et al.l*l proposed biased 2-b trees and Feigenbaum et al.[) refined their work
and examined biased a-b trees. Biased trees are intended to solve biased dictionary problem!”], where items
are assigned with access frequencies, i.e. weights, and the search tree is restructured based on the weights in
order to achieve minimal total access time. In biased trees, an access to x takes O(log W /w(z)) time, where
W is the overall weight in search tree. Such accesses are called ideal accesses/*![9). Bent et al.[* showed that
JoIN(z, y) takes only |r(x) — r(y)| + 1 credits and the amortized time to SPLIT at node z is proportional to
the access time to . These time bounds are excellent and with a careful analysis on credit changes in Ex-
POSE, Sleator et al.l?!) proved that the amortized running time over a sequence of m dynamic tree operations
is O(mlogn). Although biased trees are the first data structures applied to dynamic trees, the complicated

case analysis[4! leads to the inefficiency of biased trees. Thus biased trees are not preferred in dynamic trees.

3.2 Splay Trees. One of the most well-known self-adjusting search trees is the splay tree, introduced by Sleator
and Tarjan?2]. Compared to conventional search trees such as AVL tree and red-black tree, both of which rely
on extra information maintained in search tree nodes to preserve low tree height, splay tree adjusts itself by
tree rotations whenever accessed and manages to gather all frequently accessed nodes in the vicinity of search
tree root, optimizing for future accesses. Splay trees utilize a variation of move-to-root heuristicl®), i.e. the so-
called SPLAY, that unexpectedly improves the performance. The original move-to-root heuristic simply moves
the node to root by rotating once at each step, while SPLAY may rotate at most twice at each step. Provided
that all splay tree operations are based on SPLAY, the only non-trivial work is to devise the upper bound of

rotations in SPLAY, which is depicted by the Access Lemmal?2],

Lemma 1. (Access Lemma) The amortized time to splay a tree with root ¢ at a node z is at most 3(r(¢) —
r(z)) + 1 = O(log s(t)/s(x)).[22!

The magic SPLAY actually predicts the weight of each node based on previous accesses instead of keeping

them explicitly. The wonderful property of implicit weights enables us to obtain heterogeneous time bounds



under different circumstances without the great cost of “re-weighting”. Splay trees have been integrated into
LCT to allow simple and efficient implementations and Sleator et al.[??] showed that such LCT achieved
amortized logarithmic time bounds. However, splay trees show a significant increase in changes to tree struc-
tures, which contributes to the huge overheads of node updating and slows down splay trees when accesses

are the primary operations, since other search trees do not alter the tree structure while accessing.

3.3 Randomized Search Trees. Seidel and Aragon2%! thoroughly explored randomizations in balanced search
trees and coined the term “treap” for search trees with random priorities on nodes. In addition to obeying
symmetric order of search trees, treaps use tree rotations to stipulate that nodes with larger priorities are not
descendants of those with smaller priorities. Seidel?! claimed that an access to = can be completed in ex-
pected O(log W /w(z)) time if we take the maximum value of w(z) randomly generated numbers as the pri-
ority for each , or store (logr)/w(x) instead for priority comparisons where r is randomly generated.
Weighted treaps are our main concerns, since they support ideal accesses. The first method mentioned above
does not support fast re-weighting while the second method involves floating point numbers that are not as
efficient as fixed-size integers on modern computers, so we prefer implicit priorities in this paper, which are
simulated according to subtree sizes. In JOIN(z, y), we toss a coin with bias p = s(z)/(s(z) + s(y)) so that
the probability that the priority of x is larger than that of y is p. Assuming that priorities have already com-
puted in JOIN, implicit priorities are equivalent to ordinary priorities in analysis.

Applying weighted treaps to LCT is feasible, as we will show in the remainder of this section. In our analysis,
any node can represent the treap containing it, and s(z) is the overall weight in the treap z, even if z is not
the tree root. Let r(x) = log s(z) and m be the number of dynamic tree operations. We distinguish special
splices from normal splices that a special splice at x marks a new solid edge (z, p(x)) when p(z) is the tail

of ¢(p(x)), rather than switching solid edges in normal splices.

Fig.2. Special splice (left) and normal splice (right). Both splice at z and the edge (z, p(x)) will be

solid.
Since every special splice induces a new solid edge, it is suggested that there seem to be few special splices.
Sleator et al.l?!] showed that there are at most m special splices, i.e. one SPLICE per EXPOSE on average. It
indicates that special splices are not the major overheads in EXPOSE. To carry out the amortized analysis, we
store O(r(xz) — r(y)) credits on each node y where z is the parent of y in treap. Meanwhile, the root of a
treap may also have credits. We say treap u is cast to ¢ > r(u) iff. ©(c — r(u)) credits have been allocated on
u. We often refer to these two properties as credit invariants. We will devise two key properties pertaining to

JOIN and SPLIT. Proofs for the next two lemmas are deferred to Appendix B and Appendix C.

Lemma 2. (Join Lemma) If treap z is obtained by JOIN(z, y, k) and both treap = and treap y are cast to ¢ >
r(z), then treap z is also cast to ¢. O(c — r(k)) new credits are required to perform the JOIN.

Lemma 3. (Split Lemma) Treap u and treap v are obtained via SPLIT(x, y). If treap z is cast to ¢ > r(z) and

we allocate ©(c — log w(y)) credits, both treap u and treap v are cast to c.



Finally we investigate credit changes in EXPOSE.

Lemma 4. (Expose Lemma) ExPOSE takes O(log n) amortized time.

Proof. We interpret EXPOSE(u) into four phases.

(1) Setup: Turn the solid edge from wg to dashed by a 2-way SPLIT. It takes O(log n) time.

(2) Split Phase: Traverse from wu to the tree root and label the head nodes of visited chains with
Ui, U2, ..., Up (U, is the tree root). Parents of them are vy, vy, ..., vp,—1 and &. In step ¢, we SPLIT at v; and
thus ¢(v;) is divided into at most three parts represented by w;.1 (possibly empty), v; and g; (for normal
splices). Let k be the number of special splices in EXPOSE(ug) and '(u;11), 7' (v;), r'(¢;) be the ranks of
uit1, Vi, g; respectively after SPLIT. Note that & = O(1) in amortized sense and 7'(v;) > r(u;). Treap u; 41
prior to SPLIT is obviously cast to r(u;1). Split Lemma implies that it takes only O(r(u;11) — r'(v;)) =
O(r(uit+1) — r(u;)) amortized time for both special and normal splices. If the splice is normal, it leaves

O(r(ui+1) — r'(g;)) credits on g;.

(a) (b) (c)

Fig.3. (a) Prior to Split Phase. (b) After Split Phase. (c) An example of normal splice during step i.

(3) Re-weight: w(v;) is changed to s(v;) — s(u;). Let " (v;) be the new rank of v;. It takes constant time.

(4) Join Phase: Perform 3-way JOIN(u;;1, u;, v;) in step i. We have to place ©(r(u;4+1) — r(u;)) credits on
u; to make treap wu; cast to r(u;11) and thereby JOIN only takes O(r(u;+1) — r”(v;)) amortized time by Join
Lemma. In normal splices, saved credits from ¢; can eliminate the time consumed by JOIN since 7 (v;) >
7’ (g;). Therefore only special splice takes additional O(r(u;11) — 7" (v;)) = O(logn) time.

The sum of costs of all steps telescopes and gives a bound of O(p + 7(u,) — 7(u1) + (k + 1) logn). By The-
orem 1 and the fact £ = O(1) and the definition of rank, the bound turns out to be O(log n). "

Our result is stated by the following theorem, which is derived immediately from Expose Lemma.

Theorem 2. If weighted treaps are used as underlying data structures in LCT, then all dynamic tree operations

have amortized O(log n) upper bounds with high probability.

Finally we emphasize that the bounds are not averaged on worst-case operation sequences due to the random-

ness of treaps.



4 Experiments

4.1 Experimental Setup. In this section we present an empirical study of impacts of different underlying data
structures on LCT. Three kinds of search trees are used: biased 2-3 trees (biased), self-adjusting search trees
(splay) and randomized search trees (treap). We tested all algorithms for minimum spanning forest problem
(MSF) along with Kruskal’s O(mlogm) algorithm!*®! (kruskal) as the standard program to ensure the cor-
rectness of our algorithms. Here n is the number of vertices in graph and m denotes the number of edges. All
algorithms were implemented in C++ by the authors and are available at http://github.com/riteme
/toys/tree/master /dynamic-trees. Source code was compiled by Clang 6.0.0 with -O3 -Ofast -DNDEBUG
options for full optimizations. Experiments were carried out on Intel™ i5 8300H running Ubuntu 18.04
(64bit operating system, Linux Kernel 4.20.13, Xorg not started) at 4.0GHz in a single core, with 128KB L1
data cache, 1IMB L2 cache, 8MB L3 cache and 16GB RAM. CPU time was measured with high resolu-
tion clock from Standard Template Library (STL) in C++ with 1ns precision. Each individual execution was
repeated until the number of processed edges exceeded 5 x 10% and we took the average on all edges. An un-
timed execution prior to timed runs for each algorithm was aimed to warm up the cache and prevent inconsis-
tent result in the first run. Test data were generated by pseudo-random generator (rand in GNU C library) and
we randomly chose seeds obtained from random device in STL to generate five different inputs for each set
of parameters and report the average results. Time for initialization, finalization and reading files was not ac-

counted.

In LCT-based solutions, m edges are added into an initially empty graph one by one and we maintain the
MSF as dynamic trees. When processing an edge (u, v, w) (w is the length of the edge), if u and v are not in
the same components, this edge will be immediately added. Otherwise there is a chain between u and v in dy-
namic trees. In this case, we pick up the longest edge (u, v, wp) in the chain from w to v. If wy > w, the
longest edge will be discarded by CUT and the new edge will be incorporated into dynamic trees via LINK.
The new edge will be ignored if wy < w and we continue to process the next edge. This procedure can be im-

plemented in O(logn) amortized time by LCT.

Three solutions based on LCT used the same interface exported to the main program to guarantee uniformity.
Treaps utilized Xorshift algorithm[16! for extremely fast pseudo-random generations. Biased trees required ex-
tra memory for internal nodes and we implemented a stack-based memory pool for biased trees. All solutions

were implemented in non-recursive fashion.
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Fig.4. Experimental results. (a) Figure for randomized test data. (b) Figure for cache tests. Horizontal

axes are scaled by binary logarithm and time is measured in microseconds averaged on all edges.
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4.2 Random Data. We first tested on randomly generated graphs. Random graphs were obtained by generating
m edges (u;, v;, w;) where both u; and v; are distinct and randomly chosen from [1..n] and w; is the length
of edge i and within [1..10°]. In this experiment, n varied from 2! to 22° and m was set to 8n. Results are
shown in Fig.4. (a). It suggests that biased trees are the slowest among all solutions, taking approximately
twice the time of splay trees, while treaps show competitively performance compared to splay trees.
Kruskal’s algorithm is the fastest owing to its simplicity and the efficient implementation of quick sort algo-
rithm in STL. Nearly identical figures between treaps and splay trees are consonant to Theorem 2. Further-
more, our results are also consistent with Pfaff’s conclusion!!”! that splay trees outperform conventional bi-
nary search trees such as AVL trees and red-black trees in system softwares. We assume that splay trees are
advantageous in the setting of amortized LCT since the data structure is ephemeral and changes even during
accesses. The results offer a different aspect of prominent performance of splay-based LCT as suggested by

Tarjan et al.[25] in experiments among various types of dynamic trees.

4.3 Cache Tests. Since the time complexity is logarithmic in theory, figures are expected to be linear. How-
ever, we noticed that figures approximately comprise two linear functions. Such peculiar phenomena was ob-
served by Tarjan et al.[?%] as well and they deduced that cache-missing contributes to the increased slopes in
right parts of figures. We attempted to examine the impacts of cache by a new data generator. We fixed B =
29 = 512 as the block size and n = ¢B and m = 8n, where ¢ is the number of blocks. The only difference
from the previous random generator is that we first choose a block for each edge rather than putting it arbi-
trarily. The inputs can be viewed as a sequence of small graphs with size B, and now algorithms cannot con-
centrate on a single block but switching frequently between blocks. Accesses to RAM are time-consuming
and much slower than operating on cache. When c increases, data may not completely fit in the cache and
thus force CPU to access RAM, i.e. cache-missing. Fig.4. (b) reports that when ¢ < 27 (n < 219), the relative
increments of time are less than 27% for three trees, in contrast to nearly 90% in Fig.4. (a) when n varies
from 210 to 2!6. Significant increases after ¢ = 27 (c = 28 for splay trees) demonstrate that the dominant
performance-dropping factor seems to be the limited cache size. For example, the size of node in LCT with
treaps is 36 bytes in our implementation and therefore the total memory allocated is 2 x 28 x 512 x 36 =
9,437,184 bytes when ¢ = 28, which cannot fit in an 8MB L3 cache anymore. Note that edges are replaced
with new nodes in dynamic trees so the actual number of nodes is 2n. For splay trees, this amount decreases
to only 7,340, 032 bytes so that splay-based LCT can be preloaded into cache. Biased trees are slowed down
by the huge extra memory consumption from internal nodes for similar reasons. We conclude that the advan-
tage of no extra information in splay tree nodes makes splay tree more cache-friendly and contributes to its
amazing performance. With smaller cache size, Tarjan et al.[?5! provided a more detailed figure when c gets
larger and we speculate that the growth rate will eventually converges to a constant due to the tendency to di-
rect manipulations of data in RAM. Meanwhile, our platform has an extra 1MB L2 cache compared to Tar-
jan’s experiments/25] which may accelerate algorithms when n < 22 and enlarge the discrepancies for n <
216,

5 Conclusions and Discussions
In this paper, we reviewed and briefly analyzed three schemes to implement link-cut trees in amortized loga-

rithmic time. They share an identical interface to users and only differ in the underlying data structures. It is



mainly an interest of theoretical research to devise alternatives in amortized LCT because empirical study has
demonstrated that splay-based version is the most efficient and other ordinary search trees take no advantage
in an ever-changing data structure and splay trees are more memory-friendly and cache-friendly in the com-
parisons. Werneck!?6] mentioned that Alstrup et al. attempted to implement LCT with weighted treaps and
compared its performance to splay-based LCT, but their experimental part is unpublished. However, if we
need to keep historical versions of dynamic trees, LCT must guarantee worst-case time complexities instead
of amortized ones. Sleator et al.[?!] presented a modified version of biased trees, i.e. globally-biased 2-b
trees!?), that ensures worst-case performance of LCT. We leave it as an open problem that whether there is an

alternative to globally-biased trees in LCT with worst-case time bounds.
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7 Appendixes

A. Graph Terminology. In graph theory, a graph G = (V, E) consists of a set of vertices or nodes (repre-

sented by V') and a set of edges connecting them (represented by E). We may assume n = |V/| in analysis. A

graph is connected iff. any two nodes are connected by a path. A tree is a connected graph with exactly n — 1

edges and a forest consists of some tree-like components. It is obvious that the number of edges in a forest is

strictly less than n. One important characteristic of trees is that there is only one simple path connecting any

two nodes, and we often refer to those unique paths as chains. In some applications, we choose a node as tree

root for each tree, i.e. rooted trees, in contrast to free trees. In rooted trees, access path of node z is the chain

from z to tree root, and all the nodes in this path are called ancestors of z. Note that  is also an ancestor of

itself. Meanwhile, y is a descendant of x iff.  is an ancestor of y. All descendants of = as well as the edges
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between them form a subtree rooted at x (including x itself). For convenience, we often use the subtree root
to refer to the entire subtree. Specially, for edge (x, y), if  is an ancestor of y, then z is also called the par-
ent of y or x = p(y) and y is a child of x. For tree root r, p(r) is defined to be &. The depth of z is the num-

ber of nodes in the access path of z, and s(z) stands for the number of vertices in the subtree x.

B. Proof for Join Lemma. Consider the right spine of treap x (left spine of treap y) during JOIN. JOIN will end
up node k reaching its appropriate position with two subtrees zy and yo (possibly empty). Let 7’(k) be the
rank of k after JOIN. The time to travel on both spines is O(log s(z)/w(k)) = O(r(z) — r(k)) = O(c —
r(k)) by ideal access. To maintain credit invariants, we observe that the number of required credits summing
over z to k is O(c —r'(k)) by telescoping, which is not greater than the newly allocated credits since
r'(k) = r(k), and credits on xy can be compensated by the ©(c — r(z)) credits aggregated over x to x¢ in

original treap z since ¢ > r(z) > r'(k). Arguments for y, are similar. n

C. Proof for Split Lemma. SPLIT is the inverse of JOIN (figure omitted). Let 7’(y) = log w(y). The time to ac-
cess y is O(log s(z)/w(y)) = O(r(z) — r'(y)) = O(c — 7'(y)). Suppose y has two children wy and vy (pos-
sibly empty). ©(c — r(uy)) credits aggregated over x to u are distributed on all nodes from u to ug to guar-
antee that treap w is cast to ¢. ©(c — r(y)) = O(c — 7'(y)) new credits are supplied to treap v. Along with the
original ©(r(y) — 7(vg)) credits on vy, the final ©(c — r(vy)) credits are sufficient to ensure treap v is also

cast to c. [ ]

Y

() (b)

Fig.5. An example of JOIN. (a) Left spine and right spine. (b) Treap z after JOIN. Dashed edges are
removed during JOIN.
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